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d = 10
xj}KXx¬fn~Xx |}monqY
pmax = +∞
ª
£n goT goTWY®«}±CY®eokW|W|W~n Y/miex~miY/xuWc fY8eo!mon~$Y/ |}xuwuY\=.Df¦ ´µj sCmifY/mgis $YxuW Y­gos suXZ|}xumoY­goTWY
Y8p0kWn ~n~Wmonqx¨©sum$sgoT !mon goY/monqxWª²Xxmi¢uY!gOeoT}xumoYZxj}®|Wmis«Wg8ª £(Y5eokW|W|$sCeoY5goT}xggoTWYXxumowCn j}xu!sCegn~e
Y8p0k}x7gisygiTWYXZn j}n Xx |WmonqY{¨©kWj@¡gon~sujIfnqeo|W~x¸cCY/n jgoT}YOgix} Y|}xuwuY= DWª -
 -
C ′j = Lj
¦
SUTWY5¨©sC ~s£n j}wgixuW~YZWn~eo|Wqx¸cde]goT}YZp0k}xuj0gon gon~Y/e
o(p)
def
=
∑5
j=1 min{q ∈ Q̂j(p)}
xj@
O(p)
def
=
∑5
j=1 max{q ∈ Q̂j(p)}
¦
p ∈ [0, 10[ = 10 ∈]10, 15[ = 15 ∈]15, 20[ = 20 ∈]20, 23[
o(p)
      =¸
O(p)
     =8 =¸
  mosCXgoTWYIx$s±uYgixuW~Y£(YWY/fk}!YgoT}xg
I = {20}
ªìTWY/j}YgoT}YsCjW~c |@s0eoeon } YY/p0kWn~ n~Wmin k}X
|}monqYyn~e
p∗ = 20
¦'Le{xXxgogoY!mOsu¨¨Íxug/ª²£(YyT}x¸±CY
O(20) = 15 > 10 = d
ª³xj@I¨©sumxuj0c
p < 20
ª
O(p) < 10 = d
ª(xj}
o(20) = 9 < 10 = d
ª(xj} ¨©sumxjdc
p > 20
ª
o(p) > 10 = d
¦ i]Y!j}!Y
p∗ = 20 ∈ I
xuefY!«}jWY8dc§"pCk@xgon~sujB(-C 5 ¦
[]s£sCj}Y/mojWn~jWw giTWY°pCk@xj0gon gon~Y/e/ªgiTWY®Y8p0kWn ~n~Wmon~kWX fY/|@Y/j} k}|@sCj goT}YxCWfn gon~suj}xu{mikW~Y­su¨'goTWY
Xxumo¢CYg/¦  YeokW|W|$sCeoY5goT}xgOgoTWYXxmi¢uY!gO#T}s0s0eY8e
qi ∈ Q̂i, ∀i ∈ {1, · · · , 5},
xj}­goTWY/jgosKwun~±uY
|}moY!¨©Y!miY!j}!Y]gis
S1
ªfgiTWY!jgis
S2
ª  .-
SUT}Y{Y8p0kWn ~n~Wmon~kWX n~e
q∗1 ≥ 3, q
∗
2 ≥ 1, q
∗
3 ≥ 2, q
∗
4 ≥ 4, q
∗
5 ≥ 0.SUTWY­¨ÍxuggoT@xggiTWY­Xxumo¢CYg£Uxj0giegos¯#T}s0s0eYQp0k}xuj0gon gon~Y/e
qi ∈ Q̂i(20)
n~XZ|W n~Y/egoT@xg
q1 ∈
Q̂1(20) = 3, q2 ∈ Q̂2(20) = [0, 5], q3 ∈ Q̂3(20) = 2, q4 ∈ Q̂4(20) = [4, 5], q5 = 0,
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xuj}­goTWYZ|WmiY¨©Y/moY/j}Yy¨©sum
S2
!suXZ|}xmiY/Igos
S5
n XZ|W~n~Y/e{goT@xg
q1 = 3, q2 = 1, q3 = 2, q4 =
4, q5 = 0.´ñ¨<goT}Y|WmoY!¨©Y!miY!j}!YO£"sCkW~T}x¸±CY{$Y!Y/j
S5
goTWY/j
S4
goT}Y!j
S3
Yg#¦~¦ ¦goTWYY8p0kWn ~n~Wmon~kWX £"sCkW~T}x¸±CY
$Y!Y/jgoTWY'eixXZYuªf}kfg£"YO£(sukWqT}x¸±uYOT}xC
q1 = 3, q2 = 0, q3 = 2, q4 = 5, q5 = 0.
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n~j0gomisffk}Y8n~jIY!Xxmi¢  5x|W|W~n~Y/e/ª -
 - giT}xgjWsCjWY{s¨ giTWY'eokW|W|W~n Y/mieU/xjKmiY/xgiY{x«@gon~±uYeT}sumogixwCY
xuj}goTWY/jn~j}!moY8xueoYLkWj} n~XZn¥giY/f~cgiTWY|Wmin~!Yu¦
[]sgoYgoT}xgn~jOgoTWY¨©su~ s£n~jWw£(Yì£n ~Cj}sg miY/egomin~g³sukWmxggiY!j0gon~sujOgisgoT}Y %4
()!m egom#xgiY!wun~Y/e
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pj(q)
¦
/sCmifn~jWwygosZgiTWY/eoYs¤7Y!m#e!ªdgiTWYXxmi¢uY!gUfY8fk}!Y/ex5kWjWnqp0kWYXZn j}n Xx |WmonqY
ps
(2xj}p0k}xj0gin¥gin Y8e
qjgisZWkWcgisZY/xu#TKeokW|W|W~n Y/m 5 ªfgoT@xg]eosu~±uY/e"giTWYsu|fgin XZn~¶/xgon~suj|WmosCW~Y!X
ps = min
{qj}j=1,··· ,S
p,
eokWfthY8¡ggos (-  5
qj ≥ 0,¨©sum
qj > 0, pj(qj) ≤ p < +∞,
xj@ S∑
j=1
qj = d.
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§p0kWn~±x~Y!j0go~cuª$£(Y!xujIk}eYyekW|}|W c¨©kWj}gon~suj}e
qj(p)
n~j}egoY/xCKs¨<goT}Y'|Wmin~!Y¨©kWj}gon~suj
pj(q)
¦   sum
xZwCn ±CY!jI|WminqYO¨©kWj}gon~suj
pj(·)
s¨
Sj
ª$£(YfY«@jWYgoT}YsCmomiY/eo|@sCj}fn~jWwek}|W|W~c¨©kWj@¡gon~suj®xueUgiTWYmin wCT0g
!suj0gon~jdkWsuk@e"n~jd±uY/mieoY]¨©k}j}¡gin sCjsu¨
pj(·)
ª -
.-
qj(p) = max{q ≥ 0, pj(q) ≤ p},
xuj}goTWY|Wmisu} Y/X (2  5 s¨goTWYXxumo¢CYgU@Y8suXZY8e!ª
ps = min{p |
S∑
j=1
qj(p) ≥ d}.
(ÍC 5
´ñ¨@goTWYU|Wmin~!Y¨©k}j}¡gin sCjnqeegominq¡go~cn~j}miY/xCen~jWw}ª¸giTWY!jysud±dn sCk}eo c{goT}YUeokW|W|} cO¨©kWj@¡gon~suj5nqen gien~jd±uY!m#eoY
¨©k}j}¡gin sCj³¦ì´µjgoT}xg]!xueoYLgoTWYn~jWY/p0k}xu n ghc (2u 5 $Y/!suXZY/exujY8p0k}x~n¥ghcCªWxj}£(YT}x¸±uY
qj = qj(p
s)
¦
KJI  Pd  RUbaMWT Y9OQ Y7d  RUbeQ Y\dVb9TVR]W_a 	 R Y9a+deW_[
i]Y!miYO£"YeoTWs£ goT@xggoT}YOgh£"s5Xxmi¢uYgsCmow0xjWn~¶/xgon~suj}e(xmiYLj}sgY/p0kWn~±x~Y!j0g/¦^IsCmoY{|WmiY/!n~eoY!~cuªf£(YxmiY
wCsun~jWwgiseoTWs£sCj®xen~XZ|W Y5Y¬WxuX5|} YCª7goT}xgLgiTWYpCk@xj0gon gon~Y/e{s¨"Y!~Y/¡gimonqn ghcIesC~­dcKgoTWYeokW|W|W~n Y/mie
xumoYOfn ¤$Y/moY/j0g¨©mosCXsujWYOsCmow0xjWn~¶/xgon~sujgis5goTWYsugoTWY/msujWYC¦
LexZXxggiY!msu¨ ¨Íxug/ª}eokW|W|$sCeoYO£"YT@x¸±uYLgh£"seokW|W|W~n Y/mie/¦  Y'eoTWs£ goT}xg(¨©sCmUgoTWYOgh£(sZwun~±uY/jsu¤$Y/mie/ª
p1(q) = α1q + β1
xj}
p2(q) = α2q + β2, α1 ≥ 0, α2 ≥ 0,
giTWYKmoY8xugon~suj su¨LgiTWYKXxmi¢uYgnqefn ¤$Y/moY/jCg8ªn~j goY!miXeZs¨{|WmonqY8exj} p0k}xj0gin¥gin Y8eZ@sCkWwuT0gZgos°Y/xC#T
eokW|W|} n~Y!m8¦
  sumLgoTWYygh£"s n~jWY/xum{egom#xgiY!wCn Y8e
p1(·)
xuj}
p2(·)
su¨goT}YyeokW|W|W~n Y/mieLn g{nqe]Y8p0kWn ±xu Y/jCgLgossuj@enqfY!m
giTWY!n~meokW|W|W~c¨©kWj@¡gon~suj@eH(ðgiTWYn jd±CY!m#eYL¨©kWj}gon~suj}esu¨ giTWY|Wmin~!YL¨©k}j}¡gin sCj}e 5 ª}j}xuXZY!~cuª
q1(p) =
1
α1
p−
β1
α1
xuj}
q2(p) =
1
α2
p−
β2
α2
.
 Ygk}e!suXZ|WkfgiY{goTWYmiY/xC¡gon~sujs¨goTWYXxumo¢CYg(¨©sumgiTWY{gh£"sZXxmi¢uY!gUsCmow0xjWn~¶/xgon~suj}e/¦
 r  & º prÍ º  fFE º  ¾     ruf.r ¾ SUT}Y­Xxmi¢uY!gmoY8xugie0c eosu~±dn jWw |WmosCW~Y!X (Íu 5 ª
j}xXZY/ c«}j}
ps
esC kfgin sCjsu¨giTWYXZn j}n XZn~¶/xgin sCjK|WmosCW~Y!XKª
ps = min
q1,q2
p,
(29= 5
eokWfthY/ggos
p1(q1) + p2(q2) ≤ p, q1 + q2 = d.
(Í0 5
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adkW|W|$sCeoYgiT}xg
d
nqeeok n~Y!j0gi c~xumowCY (
p1(0) < p2(d)
xuj}
p2(0) < p1(d)
5 ¦  (Y/!xuk}eoY£"Y
T}x¸±uYL#TWsCeoY!j~n j}Y/xm(ehgimixgoY/wun~Y/e( -
 - egomin~go~cyn~j}miY/xCen~jWw'egom#xgiY!wun~Y/e 5 ª0n g"nqeY/p0kWn~±x~Y!j0ggis'«}j@
ps
ek@#TgiT}xg8ª
q1(p
s) + q2(p
s) = d.´ñg]sCX5Y8e(goT}xg
ps =
α2β1 + α1β2 + α1α2d
α1 + α2
.
 Y'WY/fk}!YOgoT}xggoTWY'p0k}xuj0gon gon~Y/eU$sukWwCTCgUgisY/xu#Tek}|W|W~n Y/mie/ª
qsj = qj(p
s)
ª}xmiYOmoY8e|$Y/gon~±uY/ c
qs1 =
β2 − β1 + α2d
α1 + α2
,
xuj}
qs2 =
β1 − β2 + α1d
α1 + α2
,
xj}giTWY's0ehg|}xun~dcgoTWYXxumo¢CYgUgoseixgonqe¨©cn giefY/XZxuj}n~e/ª
Cs =
d(α2β1 + α1β2 + α1α2d)
α2 + α1
.
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q1
xj}
q2
giT}xgeosu~±uYO|WmisuW~Y!X (2 5 (2 5 ª -
.-
min
q1,q2
p1(q1)q1 + p2(q2)q2.
´ñg]sCX5Y8eehgimixun wCT0g¨©sumi£Uxm#f cygoT@xg/ªW¨©sumxfY/XZxuj}
d
~xumowCYLY/jWsuk}wuTP(2eY/Yx$s±uYsCj}fn gon~suj}e 5 ª
q1 = q
s
1 +
β1 − β2
2(α1 + α2)
xuj}
q2 = q
s
2 −
β1 − β2
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qj(p) = Q̂j(p)
ªfgiTWY'miY/eokW gon~jWwZ|WmonqYsCjgoTWY
Xxumo¢CYgU£n ~³$Y
ps
ek}#TgoT@xg
Q̂1(p
s) + Q̂2(p
s) = d = 1,
giT}xg5n~e5eok}#T°goT}xg p
2 +
p
4 = 1
giT}xgZn~e
ps = 43
ª<¨©misuX £TWnq#T n¥gy¨©su~ s£e'goT}xggiTWYp0k}xujCgin¥gin Y8esu¨
Y/ Y8¡gimonqn ghceosuqdceokW|W|W~n~Y!m#exmiY
qs1 =
2
3
xj}
qs2 =
1
3
¦SUTWnqeWmin jWw5giTWY!X goTWYmiY/eo|@Y8¡gin ±CYL|Wmis«}gie
JS1(
2
3
,
1
3
) =
4
9
,
xj@
JS2(
2
3
,
1
3
) =
2
9
.
[]s£ª0eokW|W|$sCeoYLgoT}xgUadkW|}|W n~Y!m
S1
egonq#¢de"sujn¥g#e(#T}sunqY
Q̂1(q) =
p
2
ªfxj}eokW|W|$sCeoYLgoT}xg
S2
k}eoY/e"goTWY
!suj}egixuj0geokW|W|} c¨©k}j}¡gin sCj
q̃2(q) =
1
4
¦
[]s£ giTWY'~Y/xumon~jWw5|WmonqY
ps
nqeek@#TgiT}xg
ps
2
+
1
4
= 1,
giT}xgnqe
ps = 32
¦
SUT}YpCk@xj0gon gon~Y/e'eosuqmoY8e|$Y/gon~±uY/ cQdc
S1
xj@
S2
xmiY
Q̂1(
3
2 ) =
3
4
xj@
q̃2(
3
2 ) =
1
4
ª £TWn~ YgoTWY/n m
|}mosu«WgieU$Y/!suXZY
JS1(Q̂1(·), q̃2(·)) =
9
8
xuj}
JS2(Q̂1(·), q̃2(·)) =
2
8
>
2
9
= JS2(Q̂1(·), q̃2(·)).
SUT}n~e'eoTWs£eLgoT@xg'giTWY|}xn~m
(Q̂1(·), Q̂2(·))
nqejWsg'xI[LxueoTY8p0kWn ~n~Wmon~kWX en~j}YZdc®WY!±dn~xgon~jWw¨©mosCX
giTWnqe|}xn~mU|WmisdWk}Y/m
S2
n j@miY/xueoY/e(n gie|}mosu«Wg/¦
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adk}|W|@s0eYOgiT}xgY8xu#TekW|}|W n~Y!m
Sj
#TWsds0eY8egiTWY~n jWY8xm|Wmisffk}gon~suj¨©kWj}¡gin sCj
qj(p) = ajp− bj , aj > 0, bj > 0,
eosxue(gis5Xx¬dn~XZn ¶/Y{goTWY|Wmis«}gUwCn ±CY!jdcuª
psqj − cjq
2
j ,
£T}Y!miY
ps
nqeygoTWY|Wmin~!Y«W¬fY/ dc®giTWYXZxumo¢CYg8ª<xuj}
qj
giTWYKpCk@xj0gon ghc°@sCkWwuT0gydcgoT}YXxmi¢uY!g'gos
afkW|W|W~n Y/m
Sj
¦
SUTWYXxumo¢CYgmoY8xugie"gosZgiTWY|}xn~m
(q1(·), q2(·))
sCmY/p0kWn~±x~Y!j0go~cgos
((a1, b1), (a2, b2))
0c«W¬fn jWw
giTWY'~Y/xumon~jWw5|Wmin~!YLgis
ps
ek}#TgiT}xg
q1(p
s) + q2(p
s) = d
¦ì´ñg]!suXZY/e(giT}xg
ps =
b1 + b2 + d
a1 + a2
.
z"sCj}eoY/p0kWY!j0gi cZgiTWY|Wmis«Wg¨©sCmY/xu#Tek}|W|W~n Y/mn~e(2xuexy¨©kWj}gon~sujKs¨
(a1, b1, a2, b2)
5 ª
psqj(p
s) − cjqj(p
s)2,
(2 5
giT}xgnqe
JS1(a1, b1, a2, b2) =
(b1 + b2 + d)(a1b2 + a1d− b1a2)
(a1 + a2)2
−
c1(a1b2 + a1d− b1a2)2
(a1 + a2)2
,
(2C 5
xuj}
JS2(a1, b1, a2, b2) =
(b1 + b2 + d)(a2b1 + a2d− b2a1)
(a1 + a2)2
−
c2(a2b1 + a2d− b2a1)2
(a1 + a2)2
,
(23D 5
  sum³giTWY|@xn~m³s¨f|Wmisffk}¡gin sCjO¨©kWj}gon~suj}e
(q∗1(·), q
∗
2(·))
sum£n¥giTxeo n~wuT0g xuWk}eoYs¨fjWsugixgin sCj³ª8¨©sum goTWY
|@xn~m
((a∗1, b
∗
1), (a
∗
2, b
∗
2))
gis'@Y{x'[]xCeTY/p0kWn~ n~Wmin kWXKªCgoTWY]«}m#ehgsCmiWY!m"!suj}Wn¥gin sCj}eì¨©sCmXx¬fn~X5n~¶/xgon~suj³ª
Xyk}egUT}suqgimok}YuªWeosy¨©sCm
j = 1, 2
ªf£"YOXk@ehgT}x¸±CY
∂JSj
∂aj
(a∗1, b
∗
1, a
∗
2, b
∗
2) = 0,
xj} ∂JSj
∂bj
(a∗1, b
∗
1, a
∗
2, b
∗
2) = 0.
(Íd 5
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SUT}n~e/xj@YmiY!£min¥gogoY/jKxCe
A(d + b∗1 + b
∗
2)
(a∗1 + a
∗
2)
3
= 0
A
(a∗1 + a
∗
2)
2
= 0
B(d+ b∗1 + b
∗
2)
(a∗1 + a
∗
2)
3
= 0
B
(a∗1 + a
∗
2)
2
= 0
£T}Y!miY
A
xuj}
B
xumoYOfY!«}jWY/dcuª
A = 2b∗1a2 + 2b
∗
1c1a
∗2
2 − a
∗
1b
∗
2 + a
∗
2b
∗
2 + a
∗
2d− a
∗
1d− 2c1da
∗
2a
∗
1 − 2c1b
∗
2a
∗
2a
∗
1,
B = 2b∗2a
∗
1 + 2b
∗
2c2a
∗2
1 − a
∗
2b
∗
1 + a
∗
1b
∗
1 + a
∗
1d− a
∗
2d− 2c2da
∗
1a
∗
2 − 2c2b
∗
1a
∗
1a
∗
2.
Sx¢dn~jWw5n j0gosxC!!sukWj0g(goT}xg
a∗j > 0, b
∗
j > 0
giTWY'eocdegoY/X (20 5 /xj@YmiY!£min ggoY/jxCe
A = 0
xj}
B = 0.
SUT}n~e(wun~±uY8eìgiTWY{¨ÍxXZn ~cZs¨eosu~kfgin sCj}e!ª -
.- s¨³|$sCeien~W~Y{[LxueoTY/p0kWn~~n Wmin~kWXKªf|}xm#xXZYgimon~¶!Y8Zdc
aj > 0xuj}
bj > 0
a∗1 = a1, a
∗
2 = a2,
b∗1 =
(1 + 2c2a1)(a1 + 2c1a2a1 − a2)d
2c2a2a1 + 2c1a2a1 + a1 + a2
,
(2   5
b∗2 =
(1 + 2c1a2)(a2 + 2c2a1a2 − a1)d
2c1a1a2 + 2c2a1a2 + a2 + a1
.
[]Y!±uY/mgiTWY!~Y/eiexL! s0eY/m~sdsu¢'xggoT}YUeoY/!suj}'sum#fY!m<sCj}fn gon~suj}e¨©sumXx¬fn~X5n~¶/xgon~suj5eTWs£e goT@xg<goTWY
i]Y/eienqxjs¨
JSj (a1, b1, a
∗
1, b
∗
1)
Y!±x~k}xgoY/xgxuj0c|@sCn j0gieeixgin~e¨©cdn j}wygiTWY{«}m#ehgsCmifY/msuj@fn¥gin sCj}e"¨©sum
[LxueoTIY/p0kWn~ n~Wmin k}Xª (Í   5 ª$T}xCexjWY/wCxgin ±CY'fYgiY!miXZn j}xuj0g ¸¦SUTWnqe|}mos±CY/e(goT@xggiTWY|$sun~j0gie]eixgin~e¨©cdn j}w
§"pCk@xgon~suj7(Í   5 xumoY{jWsg][LxueoTY8p0kWn ~n~Wmon~kWXK¦
]~eos£(Y]T}x¸±CY]#TWY8#¢uY/5giT}xg"goTWY/moY{!xujWjWsg(@YOxjdcZ[]xCeTY8p0kWn ~n~Wmon~kWX xg"goTWY{$sukWj}}xmicysu¨³goTWY
WsuXxn~j³ª -
.- ek@#TgiT}xgsCjWYOs¨
a1, a2, b1
sum
b2
nqeUjdkW~2¦
i]Y!j}!Y£"YfsZjWsugT}x¸±uYO[]xCeTKY/p0kWn~~n Wmin~kWX ¨©sumUgiTWnqewCxuX5YOn~jgoTWY'!~xCeoe(s¨<~n jWY8xmegom#xgiY!wun~Y/e/¦
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  k  k j % &Í rp& º prÍ º  fFE º  ¾     r Cf r ¾ 
Le|WmiY!±dn~suk}eo~cuªu£(YsCj}eon~fY/m~n jWY8xm(ehgimixgoY!wCn Y8eìxj}eokW|W|$sCeoYgiT}xggiTWYLeokW|W|} n~Y!m#eìn~j}kWm(x'p0k}xuWmixgonq
!sCeg/¦
i]Y!miY'n¥g{n~eLXZsumiY'sCj0±CY!jWn~Y!j0ggis£(sumi¢£n goTQ|WminqY¨©kWj@¡gon~suj@e!ª -
 - ¨©kWj}gon~suj}e
pj : q → pj(q) =
αjq + βj
ªW£n¥giT
αj > 0
xj@
βj ≥ 0
¦
SUTWY5Xxmi¢uY!gLmiY/xugiegosKx|}xun m
(p1(·), p2(·))
s¨|WminqY'¨©k}j}¡gin sCj}e!ª²dcIeosu~±0n~jWwxjQsC|fgon~XZn ¶8xgon~suj
|}mosCW Y/XKª"£TWY/moY
q1
xuj}
q2
xmiYgoTWYIsC|fgon~XZn ¶8xgin sCj ±xumonqxW~Y/e/ªgiTWYIgisgixu]s0ehgnqeZgoT}YQsufthY8¡gin ±CY
¨©k}j}¡gin sCj£n goTgiTWY'sCj}ehgimixun j0g(goT}xggoTWY'WY!Xxj}
d
Xyk}ehg$YO¨©kW~ ceoxgonqeh«}Y8²ªdgoT@xgnqe
min
q1≥0
p1q1 + p2(d− q1), q2 = d− q1.
´ñg]!suXZY/e(giT}xg
q1 =
1
2
β2 − β1 + 2α2d
α1 + α2
q2 =
1
2
β1 − β2 + 2α1d
α1 + α2adk}}ehgin¥gikfgon~jWwgoTWY8eY'±xu kWY8en~jCgisZgoTWY|Wmosu«Wg¨©kWj@¡gon~sujQxuj}KfY!min~±0n~jWw£n goTImiY/eo|@Y8¡ggisZgoTWYysdY¨
&
«$n~Y!j0g
αj , βj
£"YOsuWgixn~jgoTWYO¨©sC ~s£n j}wZeoYgsu¨«}m#egUsCmiWY!msCj}fn gon~suj}eU¨©sCmUgoTWY'[LxueoTY8p0kWn ~n~Wmon~kWXKª
(β1 − β2 − 2α2d)( (β2 + 2α2d)(α1 − α2) + β1(3α2 + α1) − 2c1(α1 + α2) ) = 0
β1(α1 + 2α2) − α2(β2 + 2α2d) − c1(α1 + α2)) = 0
(β2 − β1 − 2dα1)( (β1 + 2α1d)(α2 − α1) + β2(3α1 + α2) − 2c2(α1 + α2) ) = 0
β2(2α1 + α2) − α1(β1 + 2α1d) − c2(α1 + α2)) = 0
! s0eY/m sdsC¢ gos°giTWn~eecfegoY/X eoTWs£e5goT}xgn¥gT}xueZjWs eosu~kfgin sCj³¦ i]Y!j}!YI£n¥giT goTWnqeXxmi¢uY!g
sCmow0xjWn~¶/xgon~sujgiTWY!miYOn~ejWs[]xueoTY/p0kWn~ n~Wmin kWXK¦
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|WmoY8eY/j0gLxXZsffY!n j­sum#fY!mgisegok}fcgiTWY!xCeYs¨ìXkW gon~|W~YXxmi¢uY!gie/¦  Y
eoTWs£giT}xg'!suj}eon~WY!min jWwXZsumiYgiT}xjsuj}Y5Xxumo¢CYgO Y8xuWeLgosIxXZsffY!<giT}xgnqeOXk}#TXZsumiY5!suXZ|W~n:&
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egomik}¡gikWmoYsu¨giTWYegom#xgiY!wun~Y/eUsu¨
giTWY'eokW|W|W~n Y/miexumoY{XZsumiYsuXZ|W~Y¬²¦
´µjZek}}eY8¡gin sCjDW¦>=(£"YUfY/eimin~@YUx]XZsffY/dgos{T}xj}W Y(goT}Y"XykW¥gin |} YUXxmi¢uY!g</xueoYu¦ ´µjygoT}Y"XykW¥gin |} Y
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q11 =
−β1 + β2 + 3α2d1 + 2δ21 + δ12
3(α1 + α2)
,
q21 =
β1 − β2 + 3α1d1 − 2δ21 − δ12
3(α1 + α2)
,
q12 =
−β1 + β2 + 3α2d2 − 2δ12 − δ21
3(α1 + α2)
,
q22 =
β1 − β2 + 3α1d2 + 2δ12 + δ21
3(α1 + α2)
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q11 + q12 =
−2β1 + 2β2 + 3α2.(d1 + d2) + δ22 − δ12
3(α1 + α2)
,
q21 + q22 =
2β1 − 2β2 + 3α1.(d1 + d2) + δ12 − δ21
3(α1 + α2)
.
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x =
n1
3d
, y =
n2
3d
.
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(α1(q11 + q12) + (β1 − C1))(q11 + q12), (α2.(q21 + q22) + (β2 − C2))(q21 + q22),
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α1x
2 + (β1 − C1)x, α2y
2 + (β2 − C2)y.
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β1
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x2 + 2α1x
∂x
∂α1
+ (β1 − C1)
∂x
∂α1
= 0, 2α1x
∂x
∂β1
+ x+ (β1 − C1)
∂x
∂β1
= 0.
xuj}
y2 + 2α2y
∂y
∂α2
+ (β2 − C2)
∂y
∂α2
= 0, 2α2y
∂y
∂β2
+ y + (β2 − C2)
∂y
∂β2
= 0.
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∂x
∂α1
=
n1
−3d2
,
∂x
∂β1
=
−2
3d
,
∂y
∂α2
=
n2
−3d2
,
∂y
∂β2
=
−2
3d
,
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n1((n1 − 3β1)d− 2α1n1)
9d3
= 0,
−4α1n1 + 3d(n1 − 2β1)
9d2
= 0,
n2((n2 − 3β2)d− 2α2n2)
9d3
= 0,
−4α2n2 + 3d(n2 − 2β2)
9d2
= 0,
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d = α1 +α2 6= 0
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= qji
goT}xggoT}YXxmi¢uYg#e
M1
xuj}
M2
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uPj = γj(uM1 , uM2), j = 1, 2
¦ìSUTdk}eUxjn jd±CY!m#eYOa0gixC#¢uY!~$Y!miw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JM1(uM1 , uP1 , uP2), JM2(uM2 , uP1 , uP2), JS1(uM1 , uM2 , uP1), JS2(uM1 , uM2 , uP2).
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uPj = γj(uM1 , uM2), j = 1, 2
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JM1(uM1 , uP1), JM2(uM2 , uP1), JS1(uM1 , uM2 , uP1).
ÜÜ ×s}õ¡ètiî
0    **  	
  *6 K' 
 "
adk}|W|@s0eY{giT}xgUgoT}Y{xu}esC kWgoY{X5n~jWn~XkWX s¨
JS1
nqe(wun~±uY/jdc
u∗M1 , u
∗
M2
, u∗P1
¦ìSUTWn~eeosu~kfgin sCj£n~ 
$YxC#TWn Y/±uY8n ¨<xu  goTWmiY!Y|}~x¸cCY!m#e"£(suk}~TWY/ |IXZn~jWn XZn~¶!Y
JS1
¦"SUT}Y Y8xufY/m£n ~²gimocgossCfgixun jgoT}n~e
giY/xuXesC kfgin sCjdcY!jf¨©sCmi!n j}w'goT}Y]gh£(s'¨©sC ~s£"Y/mie|Wqx¸c5n~jKek}#Tx£Ux¸cgiT}xg£TWn~~YLXZn~jWn XZn~¶!n~jWwygoTWY/n m
s£j!mon goY/monqxWªugoTWY/cen~Xk}¥g#xjWY/suk}eo c5TWY/ |giTWY]~Y/xCfY!m"sufg#xn~jTWnqegiY/xuX XZn~jWn~XkWXK¦ ³Y!g"k}e(ek}|W|@s0eY
giT}xggiTWnqeUn~e|$sCeieon W~YO£n¥giTIxy~n~jWY/xumU¨©kWj}¡gin sCj
uP1 = γ1(uM1 , uM2) = α1uM1 + α2uM2 + α3.
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= 0, i = 1, 2.
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JM1(uM1 , uP1 , uP2), JS1(uM1 , uP1), JS2(uM1 , uP2).
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